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The aim of this paper is to improve the Ramanujan formula for approximation the gamma
function. A fast asymptotic series is constructed.
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1. Introduction
The problem of finding a function of a continuous variable x > 0 that equals x!when x = 1, 2, 3, . . . ,was first solved by
Euler in the 1720s, who introduced the gamma function
Γ (x) =
∫ ∞
0
tx−1e−tdt, x > 0.
This function has important applications in pure mathematics, and in other branches of science, such as the probability
theory, applied statistics and statistical physics. As a consequence, many authors are preoccupied now with estimating
gamma and polygamma functions and to establishing new, increasingly better bounds. See, e.g., [1–14].
In particular, the following approximation formula by Ramanujan
n! ≈ √π
n
e
n
6

8n3 + 4n2 + n+ 1
30
, (1.1)
and the double inequality
√
π
x
e
x
6

8x3 + 4x2 + x+ 1
100
< Γ (x+ 1) < √π
x
e
x
6

8x3 + 4x2 + x+ 1
30
, x ≥ 1, (1.2)
were stated in [15].
Karatsuba [1] proved that in (1.2) the constant 1100 can be replaced by the sharp constant h (1) = e6/π3 − 13 =
0.011197 . . . ,where
h (x) =
 e
x
x Γ (x+ 1)√
π
− 8x3 + 4x2 + x , x ≥ 1.
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Alzer [16] used the variation of h to prove that
√
π
x
e
x
6

8x3 + 4x2 + x+ α < Γ (x+ 1) , x ≥ 0,
where α = min0.6≤x≤0.7 h (x) = 0.0100450 . . . .
The function h is of great interest in obtaining increasingly accurate approximations for the gamma function, starting
from Ramanujan formula (1.1). As an example, Karatsuba established in [1, Relation 5.5] the following asymptotic formula
Γ (x+ 1) ∼ √π
x
e
x 
8x3 + 4x2 + x+ 1
30
− 11
240x
+ 79
3360x2
+ 3539
201 600x3
− 9511
403 200x4
− 10 051
716 800x5
+ 47 474 887
1277 337 600x6
+ · · ·
 1
6
(1.3)
and proved that the error estimate is of the order O

1/xn+1

,when this series is truncated at the term involving 1/xn.
As the method used by Karatsuba to obtain (1.3) is complicated, we give a new simple way to derive the series (1.3),
starting from the classical Stirling series
Γ (n+ 1) ∼ √2πn
n
e
n
exp
 ∞−
k=1
B2k
2k (2k− 1) n2k−1

, (1.4)
where Bj is the jth Bernoulli number. See [17]. Usually, asymptotic expansions provide sharp bounds for approximation of
the gamma function. We prove the following.
Theorem 1. Let
a (x) = − 11
240x
+ 79
3360x2
+ 3539
201 600x3
− 9511
403 200x4
− 10 051
716 800x5
and
b (x) = a (x)+ 47 474 887
1277 337 600x6
.
For every x ≥ 36, the following sharp inequalities hold:
√
π
x
e
x
6

8x3 + 4x2 + x+ 1
30
+ a (x) < Γ (x+ 1)
<
√
π
x
e
x
6

8x3 + 4x2 + x+ 1
30
+ b (x), x ≥ 36, (1.5)
(the left hand side inequality holds even for every x ≥ 2).
Evidently, double inequality (1.5) improves (1.2) and the results of Alzer [16] and Karatsuba [1].
In the last part of this paper we use the idea from [5] to construct the following asymptotic series associated to the
Ramanujan formula:
Γ (x+ 1) ∼ √π
x
e
x
6

8x3 + 4x2 + x+ 1
30
× exp

− 11
11 520x4
+ 13
13 440x5
+ 1
691 200x6
− 421
691 200x7
+ 121
22 118 400x8
+ · · ·

,
which is faster than series (1.3). To the best of our knowledge, such an asymptotic series associated to the Ramanujan formula
was never given. Then we prove
Theorem 2. For every integer x ≥ 1, we have
6

8x3 + 4x2 + x+ 1
30
· exp c (x) < Γ (x+ 1)√
π
 x
e
x < 68x3 + 4x2 + x+ 130 · exp d (x)
where
c (x) = − 11
11 520x4
+ 13
13 440x5
+ 1
691 200x6
− 421
691 200x7
and
d (x) = c (x)+ 421
691 200x7
.
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2. A simple proof of a series for gamma functions
In order to deduce series (1.3), we rewrite (1.4) in the following equivalent form:
Γ (x+ 1) ∼ √2πx
x
e
x 
exp
 ∞−
k=1
3B2k
k (2k− 1) x2k−1
 1
6
,
or explicitly,
Γ (x+ 1) ∼ √2πx
x
e
x 
exp

1
2x
− 1
60x3
+ 1
210x5
− 3
340x7
+ 1
198x9
− · · ·
 1
6
.
Now, using the representation exp t = 1 + t/1! + t2/2! + · · · and making an appeal to admissible operations on the
asymptotic series, we get
Γ (x+ 1) ∼ √2πx
x
e
x 
1+ 1
2x
+ 1
8x2
+ 1
240x3
− 11
1920x4
+ 79
26 880x5
+ 3539
1612 800x6
− · · ·
 1
6
,
then (1.3) is obtained by introducing
√
2x = 8x31/6 under the series.
Now, in order to prove the bounds (1.5), we use a result of Alzer [18, Theorem 8], who proved that for every n ≥ 0, the
functions
Fn (x) = lnΓ (x)−

x− 1
2

ln x+ x− 1
2
ln 2π −
2n−
m=1
B2m
2m (2m− 1) x2m−1
and
Gn (x) = − lnΓ (x)+

x− 1
2

ln x− x+ 1
2
ln 2π +
2n+1−
m=1
B2m
2m (2m− 1) x2m−1
are completely monotonic on (0,∞). In particular, from Fn > 0 and Gn > 0, we get
exp
2n−
m=1
B2m
2m (2m− 1) x2m−1 <
Γ (x) x
e
x 2π
x
< exp
2n+1−
m=1
B2m
2m (2m− 1) x2m−1 .
For n = 3, we obtain
u (x) <
Γ (x) x
e
x 2π
x
< v (x) , (2.1)
where
u (x) = exp

1
12x
− 1
360x3
+ 1
1260x5
− 1
1680x7
+ 1
1188x9
− 691
360 360x11

and
v (x) = exp

1
12x
− 1
360x3
+ 1
1260x5
− 1
1680x7
+ 1
1188x9
− 691
360 360x11
+ 1
156x13

.
Proof of Theorem 1. If we take into account (2.1), it suffices to show that
6

8x3 + 4x2 + x+ 130 + b (x)
8x3
> v (x)
and
6

8x3 + 4x2 + x+ 130 + a (x)
8x3
< u (x) ,
or f > 0 and g > 0, where
f (x) = ln 8x
3 + 4x2 + x+ 130 + b (x)
8x3
− 6 ln v (x)
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and
g (x) = 6 ln u (x)− ln 8x
3 + 4x2 + x+ 130 + a (x)
8x3
.
Straightforward computations lead us to
f ′ (x) = − P (x)
120 120x14Q (x)
, g ′ (x) = − R (x)
120 120x12S (x)
,
where
P (x) = 1075 727 572 920x+ 2531 371 963 054x2 − 1619 012 854 404x3
− 2521 022 392 716x4 + 3954 860 521 128x5 − 1793 592 166 179x6
− 77 783 108 399 766x7 − 306 610 554 811 924x8 − 593 878 868 414 568x9
+ 77 901 365 752 122x10 + 148 022 913 876 948x11 − 30 887 392 626 948x12
+ 743 727 688 704x13 − 2851 341 713 220,
Q (x) = 22 423 104x3 − 30 130 848x2 − 17 910 882x+ 30 032 640x4
− 58 544 640x5 + 42 577 920x6 + 1277 337 600x7
+ 5109 350 400x8 + 10 218 700 800x9 + 47 474 887,
R (x) = 2313 379 552x− 2215 502 236x2 − 3136 720 320x3 + 5384 909 817x4
− 1983 880 752x5 − 100 284 351 684x6 − 392 001 169 600x7 − 747 590 474 126x8
+ 141 596 216 736x9 + 255 456 682 572x10 + 1375 157 718
S (x) = 113 248x2 − 152 176x+ 151 680x3 − 295 680x4 + 215 040x5
+ 6451 200x6 + 25 804 800x7 + 51 609 600x8 − 90 459.
Now, all coefficients of the polynomials P (x+ 36) ,Q (x+ 1) , S (x+ 1) , R (x+ 2) are positive, so f ′ < 0 on [36,∞) and
g ′ < 0 on [2,∞). In consequence, f and g are strictly decreasing with f (∞) = g (∞) = 0, thus f > 0 and g > 0 on
[36,∞), respective [2,∞). 
3. An asymptotic series related to the Ramanujan formula
In asymptotic analysis, deriving an asymptotic expansion is generally considered to be technically difficult. Very recently,
Mortici [5] proposed a new simple method for constructing asymptotic expansions associated to some approximation
formulas of the form h (n) ≈ k (n), in the sense that h (n) /k (n) tends to 1, as n approaches infinity. Whenever such an
approximation formula is given, there is a tendency to improve it, by considering an entire approximation series of the form
h (n) ∼ k (n) exp
 ∞−
j=1
aj
nj

.
The main result of [5] states that the coefficients aj, j ≥ 1 are the unique solution of the following triangular system
a1 −

j− 1
1

a2 + · · · + (−1)j

j− 1
j− 2

aj−1 = (−1)j xj, j ≥ 2, (3.1)
where xj, j ≥ 2, are supposed to be the coefficients of the following expansion:
ln
h(n)k(n+ 1)
k(n)h(n+ 1) =
∞−
j=2
xj
nj
. (3.2)
We use this method to construct the following new asymptotic series associated to the Ramanujan formula:
Γ (n+ 1) = √π
n
e
n 
8n3 + 4n2 + n+ 1
30
1/6
exp
 ∞−
j=1
cj
nj

,
namely
Γ (n+ 1) = √π
n
e
n 
8n3 + 4n2 + n+ 1
30
1/6
exp

− 11
11 520n4
+ 13
13 440n5
+ 1
691 200n6
− 421
691 200n7
+ 121
22 118 400n8
+ · · ·

. (3.3)
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With h (n) = Γ (n+ 1) and k (n) = √π  ne n 8n3 + 4n2 + n+ 130 1/6, we have
ln
h(n)k(n+ 1)
k(n)h(n+ 1) = n ln

1+ 1
n

− 1+ 1
6
ln
33n+ 28n2 + 8n3 + 39130
8n3 + 4n2 + n+ 130
= − 11
2880n5
+ 29
2016n6
− 9031
268 800n7
+ 10 883
172 800n8
− 287 543
2764 800n9
+ · · · .
Following (3.2), we have x2 = x3 = x4 = 0, x5 = − 112880 , x6 = 292016 , x7 = − 9031268 800 , x8 = 10 883172 800 , x9 = − 287 5432764 800 and the
system (3.1) becomes
c1 = 0
c1 − 2c2 = 0
c1 − 3c2 + 3c3 = 0
c1 − 4c2 + 6c3 − 4c4 = 112880
c1 − 5c2 + 10c3 − 10c4 + 5c5 = 292016
c1 − 6c2 + 15c3 − 20c4 + 15c5 − 6c6 = 9031268 800
c1 − 7c2 + 21c3 − 35c4 + 35c5 − 21c6 + 7c7 = 10 883172 800
c1 − 8c2 + 28c3 − 56c4 + 70c5 − 56c6 + 28c7 − 8c8 = 287 5432764 800 .
Its unique solution, c1 = 0, c2 = 0, c3 = 0, c4 = − 1111 520 , c5 = 1313 440 , c6 = 1691 200 , c7 = − 421691 200 , c8 = 12122 118 400 , represents
the coefficients of the requested asymptotic series (3.3).
Such asymptotic series, may not and often does not converge, but, in a truncated form of only a few terms, it provides
approximations to any desired accuracy. The asymptotic series (3.3) gives better results than the series (1.3). We tabulate
below the approximations obtained by truncation at the fourth term, namely
Γ (x+ 1) ≈ √π
x
e
x 
8x3 + 4x2 + x+ 1
30
1/6
× exp

− 11
11 520x4
+ 13
13 440x5
+ 1
691 200x6
− 421
691 200x7

= µ (x)
and
Γ (x+ 1) ≈ √π
x
e
x 
8x3 + 4x2 + x+ 1
30
− 11
240x
+ 79
3360x2
+ 3539
201600x3
− 9511
403200x4
 1
6 = κ (x) .
x κ (x)− Γ (x+ 1) 0 (x+ 1)− µ (x)
25 2.6011× 1010 3.9620× 109
50 2.133× 1047 1.7338× 1046
100 2.6415× 10138 1.2949× 10137
500 9.6597× 101108 5.0625× 101107
Proof of Theorem 2. Numerical verifications show that our inequalities are true for 1 ≤ x ≤ 35, so we consider further
x ≥ 36. The requested inequality can be equivalently written as
6

8x3 + 4x2 + x+ 130
8x3
· exp c (x) < Γ (x+ 1)√
2πx
 x
e
x < 6

8x3 + 4x2 + x+ 130
8x3
· exp d (x)
and if we take into account (1.5), it suffices to show that
6

8x3 + 4x2 + x+ 130 + a (x)
8x3
>
6

8x3 + 4x2 + x+ 130
8x3
· exp c (x)
and
6

8x3 + 4x2 + x+ 130
8x3
· exp d (x) > 6

8x3 + 4x2 + x+ 130 + b (x)
8x3
,
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or r > 0 and s > 0, where
r (x) = 1
6
ln

8x3 + 4x2 + x+ 130 + a (x)
8x3 + 4x2 + x+ 130

− c (x)
and
s (x) = d (x)− 1
6
ln

8x3 + 4x2 + x+ 130 + a (x)
8x3 + 4x2 + x+ 130

.
But
r ′ (x) = − U (x)
4838 400x8

30x+ 120x2 + 240x3 + 1 V (x)
and
s′ (x) = − Z (x)
806 400x7

30x+ 120x2 + 240x3 + 1W (x) ,
where
U (x) = 1327 803 283 200x5 − 313 533 303 116x2 − 685 318 385 856x3
− 78 550 041 600x4 − 59 117 800 756x+ 47 610 881 280x6 + 2023 349 644 800x7
+ 20 795 673 139 200x8 + 44 460 773 683 200x9 + 2622 799 872 000x10 − 1866 078 711,
V (x) = 113 248x2 − 152 176x+ 151 680x3 − 295 680x4 + 215 040x5
+ 6451 200x6 + 25 804 800x7 + 51 609 600x8 − 90 459,
Z (x) = 39 594 069 120x5 − 11 005 725 464x2 − 51 125 578 240x3 − 95 031 263 360x4
− 372 851 722x+ 261 643 180 800x6 + 2212 211 481 600x7 + 13 882 959 820 800x8
+ 42 149 044 224 000x9 + 42 586 177 536 000x10 − 633 213,
W (x) = 113 248x2 − 152 176x+ 151 680x3 − 295 680x4 + 215 040x5
+ 6451 200x6 + 25 804 800x7 + 51 609 600x8 − 90 459.
Easy task, all coefficients of the polynomials U (x+ 2) , V (x+ 2) , Z (x+ 36) ,W (x+ 36) are positive, so r ′ < 0 on [2,∞)
and s′ < 0 on [36,∞). Now r and s are strictly decreasing, with r (∞) = s (∞) = 0, thus r > 0 on [2,∞) and s > 0 on
[36,∞). 
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